Dedicated to Professor Huruo Sunouchi on his sixtieth birthday.
Let M(RN) denote the Banach space of all complex Borel measures on the jV-dimensional Euclidean space R" (cf. [9] ). We define the Fourier transform of a measure u G M(RN ) by ß(t)=fe-"dp(x) (/ER"),
where tx denotes the inner product of t, x G R". The F. and M. Riesz theorem states that if a measure u G A/(R) is concentrated on a half-open interval of finite length / and if ß(2mr/l) -0 for all negative integers n, then n is absolutely continuous. For an elementary proof of this classical result, we refer to the nice paper by R. Doss [4] . It is an easy consequence of the above-mentioned theorem that if p G M(R) and ß(t) -0 for all t < 0, then ju is absolutely continuous (see, e.g., 8 .
of [9]).
In the present note, we shall give some generalizations of the last result. For a subset E of RN, let sp(.E) denote the linear span of all e~"x with / G E. 2 \ß((mMn -r)a + nb)\ < oo (1 *£ r < nb/a) m=\ for every n s* 1, then p is absolutely continuous.
The last corollary is an improvement of F. Forelli's result [5] . Proof of Theorem 1. Let a singular measure u G M(R) be given. For each k 5s 1, put Sk = [mMk: m G N} and Tk = {nek: n G N & 1 =£ n < Nk/ek).
In order to prove the desired result, it will suffice to show that ChooseT) > 0 so small that T)^2f \C"\<e.
Since ek -> 0 and Nk -> oo as A: -» oo by the hypotheses, every k > k(r¡) satisfies the conditions (3) \qkek -a\< n/N and Na + v < Nk for some qk G N. Define a trigonometric polynomial gk by setting (4) gk(x) = 2 C"c\p(-inqkekx).
n=)
Notice that (3) implies
Hence (4) shows that gk is in sp^). Moreover, \\gk\\x -H^H^ < 1 by (1), (2) and
by (1), (4) and (3). Since jtt is concentrated on (-A, A), it follows from (2) and the last inequalities that ¡SkdA>\jhdii e> 1 -2e.
(Recall that \\p\\ = 1.) This confirms (b) and the proof is complete.
Proof of Corollary 1.1. Let ju. G M(R) be as in the hypotheses of the present corollary. Replacing each Mk by an appropriate integral multiple thereof, we may and do assume that (5) and .2 Mk>k + Nkek 2{|A(0I :tEEk}<k- (6) for all *> 1. Since mk -» oo, it is obvious that the sets Fk are eventually disjoint from any (fixed) compact subset of R'*'-1. We therefore have the second equality in (8) even in the case /, < 0 (cf. [3] ). Since P is an arbitrary element of sp(Hk) with \\P\\X < 1, the last inequalities yield llMlk * 2|lMll£t + M\Fl for aU k > 1. Thus (8) implies (9).
In order to complete the proof, it will suffice to verify that every measure satisfying (9) is absolutely continuous. It is obvious that (9) holds for each absolutely continuous measure. Therefore we may and do assume that p is a singular measure satisfying (9); of course, then we must prove that p -0.
Given e > 0, choose and fix a compact subset K of R'*' with Lebesgue measure zero such that HmI^II > HmII -e» For each k > 1, the set K + m~k2irZN is a closed set having Lebesgue measure zero and "period" m~k2-nZN. It follows that there exists an fk G sp(Hk) such that \\fk\\x < 1 and \fk -\\< e on K. Otherwise, the Hahn-Banach theorem combined with the Riesz representation theorem would yield a singular measure v G M(TN) such that P(0) = 1 and |MI// < 1, where H = (Z+ XZ;v~1)\{0}. Then we would obtain a measure p G M(TN) such that p = v on H and ||p|| < 1 (again by the above-mentioned two theorems). Since e > 0 is arbitrary, the last inequalities combined with (9) give us /2(0) = 0. Applying this result to e,p, we obtain ß(t) -0 íot all t G R^, so ¡i = 0, as desired. Proof of Corollary 2.1. Let t G M(Rn ) be any probability measure such that f is supported by the open unit ball in R^. Given p G M(TN), define a function / = /, G C(R") by setting (10) fU) = 2ß(n)r(t-n) (tERN).
n By Lemma 1 of [7] , we have f=P for some v G M(RN) and p is absolutely continuous if and only if v is absolutely continuous. Now let a G R^, e > 0, and p G M(TN) be as in the hypotheses of the present corollary, and let v G M(RN) be defined as in the above paragraph. We may and do assume that a is a unit vector and that 0 < £ < 1. Let 8 be a rotation of R^ such that t9(-l,0,...,0) = a. A simple calculation shows that supp(»> ° 6) is contained in the cone w+{y<ERN:
-yx >e\\y\\}, where w = (-(1 -e2)-,/2,0,. ..,0). Thus, upon defining p G MÍR") by p(t) = v(0(t + w)) for t G R", we see that p = 0 on the half-space R+ XR^"1 and that for each ?, < 0, p(i,, ■) has compact support (in R"_1). We therefore infer from Theorem 2 that p is absolutely continuous; hence so are v and jtt. This completes the proof.
Remark. Let (mk) be a sequence of natural numbers, and let E be the union of all m¿N + k with k > 1. Then Z\.E is a Riesz set, i.e., if ¡i G M(T) and /x = 0 on E, then p is absolutely continuous. This fact is obvious from the proof of Theorem 1. Notice that, by requiring that mk -» oo very rapidly, we can make 8(E) arbitrarily small, where 8(E) denotes the natural density of E:
8(E) = limsupn-'Card[£ n {1,2,...,»}].
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It is not difficult to show that there exists no set E C N, with 8(E) = 0, for which Z\£ is a Riesz set. It is possible, however, to prove that given a a-compact subset K of T with Lebesgue measure zero, there does exist £CN, with 8(E) -0, such that IImII = IImIIe f°r all /* e M(K). In particular, in the Rudin-Carleson theorem, we may replace N by a subset of N with natural density 0. We omit the details. The results of this paper are generalizations of a note which I wrote to Professor I. Glicksberg in 1977. I would like to thank him for encouraging me to publish them. The referee points out that our methods are similar to those in [11] .
